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Data model 
•  ‘Global’	
  pa;erns	
  
•  Applicable	
  to:	
  

•  Simple	
  tabular	
  (‘non-­‐relaConal	
  data’)	
  
•  Matrix	
  factorizaCons	
  

•  MulC-­‐modal	
  (n-­‐ary)	
  data	
  
•  Tensor	
  factorizaCons	
  

•  EnCty-­‐RelaConship	
  data	
  model	
  
•  Coupled	
  matrix-­‐tensor	
  factorizaCons	
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Research roots 
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•  Research	
  domains:	
  
•  Chemometrics	
  
•  Psychometrics	
  
•  Econometrics	
  
•  BioinformaCcs	
  
•  ComputaConal	
  neuroscience	
  
•  Numerical	
  linear	
  algebra	
  (and	
  ICA)	
  
•  Data	
  mining	
  and	
  machine	
  learning	
  

•  “Data	
  fusion”,	
  “Coupled	
  data”,	
  “Linked	
  data”,	
  “MulCset	
  data”,	
  
“MulCblock	
  data”,	
  “IntegraCve	
  data	
  analysis”,…	
  



Tensorlab 
•  Examples	
  with	
  the	
  Tensorlab	
  Matlab	
  toolbox	
  

•  Laurent	
  Sorber,	
  Marc	
  Van	
  Barel	
  and	
  Lieven	
  De	
  Lathauwer.	
  Tensorlab	
  v2.0,	
  
Available	
  online,	
  January	
  2014.	
  	
  

•  URL:	
  h;p://www.tensorlab.net/.	
  
•  Highly	
  intuiCve,	
  outstanding	
  documentaCon,	
  insigh`ul	
  demos…	
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Matrix	
  factorisaCons	
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The data 
•  Tabular	
  data	
  
•  MathemaCcal	
  representaCon:	
  

•  A	
  matrix	
  𝐗	
  

•  Rows	
  of	
  𝐗	
  oaen	
  represent	
  ‘data	
  points’	
  

•  Columns	
  of	
  𝐗	
  oaen	
  represent	
  ‘features’,	
  ‘a;ributes’,	
  or	
  ‘dimensions’	
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Features 

𝐗∈ ​ℝ↑𝑛×𝑚  
𝐗∈ ​{𝟎,𝟏}↑𝑛×𝑚  
𝐗∈ ​ℤ↑𝑛×𝑚  
… 
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Pattern syntax 
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•  Low-­‐rank	
  matrix	
  factorisaCon:	
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𝐔∈ ​ℝ↑𝑛×𝐾  
𝐕∈ ​ℝ↑𝑚×𝐾  

𝐗 ≈ + +            …            + 

​​𝐗|↓𝑖,𝑗 ≈​​𝐔​𝐕↑𝑻 |↓𝑖,𝑗 =∑𝑘=1↑𝐾▒​𝑢↓𝑖,𝑘 ​𝑣↓𝑗,𝑘  


​𝒖↓1 ​𝒗↓1↑𝑇  ​𝒖↓2 ​𝒗↓2↑𝑇  ​𝒖↓𝐾 ​𝒗↓𝐾↑𝑇  

= 𝐔 

𝐕 



Pattern syntax 
•  So,	
  pa;erns	
  of	
  the	
  form	
  

•  Global	
  pa;erns	
  

•  Constraints	
  on	
  𝐔  and  𝐕	
  yield	
  different	
  methods	
  
•  Examples	
  follow…	
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𝐗≈𝐔​𝐕↑𝑇  

≈ 𝐔 

𝐕 

𝐗 
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≈ = = 

Linear combinations 
of ‘trends’: PCA 

+ 

= 

= 

Period fluctuation 

Linear trend 

Trend weights 

Trend weights 

No constraints 



Clustering patterns 
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≈ = = + 

= 

= 

Period fluctuation 

Linear trend 

Cluster 
memberships 

Cluster 
memberships 
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𝐔 binary 



Biclustering patterns 

Jefrey Lijffijt, Eirini Spyropoulou, Tijl De Bie 11 

Sept 11, 2015 

≈ = = + 

= 

= 

Column 
memberships 

Column 
memberships 

Row profile 

Row profile 

𝐔 sparse

𝐕 binary 



Tile patterns 
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≈ = = + 

= 

= 

Column 
memberships 

Column 
memberships 

Row 
memberships 

Row 
memberships 

𝐔 binary 
𝐕 binary 



Interestingness 
•  Almost	
  always:	
  L2-­‐norm	
  

•  More	
  interesCng	
  if	
  

​‖𝐗−𝐔​𝐕↑𝑻 ‖↓2 	
  
is	
  smaller	
  

•  AlternaCves:	
  
•  Robust	
  variants	
  (e.g.	
  L1-­‐norm)	
  
•  Likelihood-­‐based	
  approach	
  

•  Then	
  𝐔​𝐕↑𝑇 	
  determines	
  the	
  parameters	
  of	
  a	
  probabilisCc	
  model	
  for	
  
𝐗	
  

•  Especially	
  relevant	
  if	
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𝐗∈ ​{𝟎,𝟏}↑𝑛×𝑚 ,    𝐗∈ ​ℕ↑𝑛×𝑚  



Algorithmic approach 
•  Aim	
  

•  Pa;ern	
  set	
  mining	
  

•  With	
  rank	
  𝐾:	
  find	
  best	
  set	
  of	
  𝐾	
  pa;erns	
  

•  User	
  experience	
  
•  Typically	
  one-­‐shot	
  
•  Can	
  be	
  iteraCve	
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Algorithmic approach – continuous optimisation 

Jefrey Lijffijt, Eirini Spyropoulou, Tijl De Bie 15 

Sept 11, 2015 

•  Eigenvalue	
  problem	
  in	
  simplest	
  case	
  (PCA)	
  
•  More	
  complex	
  with	
  

•  constraints	
  on	
  the	
  factors	
  
•  regularisaCon	
  (e.g.	
  L1	
  for	
  sparsity)	
  
•  missing	
  values	
  
•  different	
  norm	
  (interesCngness)	
  

•  Then,	
  oaen:	
  
•  AlternaCng	
  least	
  squares	
  (ALS)	
  
•  More	
  generally:	
  coordinate	
  descent	
  

•  Alternate	
  between	
  opCmising	
  𝐔	
  and	
  𝐕	
  –	
  oaen	
  individually	
  convex	
  
problems	
  

•  Prone	
  to	
  local	
  minima,	
  but	
  oaen	
  reasonably	
  good	
  



Research issues 
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•  Pa;ern	
  syntax	
  
•  EsCmaCng	
  the	
  rank	
  𝐾	
  

•  The	
  nature	
  of	
  𝐔	
  and	
  𝐕	
  
•  Constraints	
  (binary/posiCve/range-­‐constrained/…)	
  
•  Biases	
  (L1	
  or	
  L2	
  regularisaCon)	
  

•  Other	
  algebras	
  (Pauli	
  Miehnen’s	
  work)	
  

•  InteresCngness	
  
•  Which	
  norm	
  for	
  the	
  error	
  ‖𝐗−𝐔​𝐕↑𝑇 ‖	
  

•  Model-­‐based	
  (Bayesian)?	
  

•  Algorithmic	
  
•  More	
  advanced	
  opCmisaCon	
  approaches	
  



Tensor	
  factorisaCons	
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The case for tensors 
•  Data	
  stored	
  in	
  a	
  (hyper)cube:	
  a	
  tensor	
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Excitation 

Ti
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e 

Person 
Bioinformatics 

Computational 
neuroscience 

Chemoinformatics / 
fluorescence spectroscopy 

Social network analysis 

𝓧 

Psychometrics 

S
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at
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n 



•  Low-­‐rank	
  tensor	
  factorisaCon:	
  

Pattern syntax: Canonical Polyadic Decomposition 
(CPD) / Candecomp/Parafac (CP) 

Sept 11, 2015 

𝓧 ≈ + +        …          + ​𝒖↓1 ∙ ​𝒗↓1 ∙ ​𝒘↓1  ​𝒖↓2 ∙ ​𝒗↓2 ∙ ​𝒘↓2  ​𝒖↓𝐾 ∙ ​𝒗↓𝐾 ∙ ​𝒘↓𝐾  

𝐔∈ ​ℝ↑𝑛×𝐾  
𝐕∈ ​ℝ↑𝑚×𝐾  
𝐖∈ ​ℝ↑𝑑×𝐾  

​​𝐗|↓𝑖,𝑗,𝑙 ≈​​⟦𝐔,𝐕,𝐖⟧|↓𝑖,𝑗,𝑙 =∑𝑘=1↑𝐾▒​𝑢↓𝑖,𝑘 ​𝑣↓𝑗,𝑘 ​𝑤↓𝑙,𝑘  

= 𝐕 

𝐔 Notation: 
⟦𝐔,𝐕,𝐖⟧ 



≈ 
+

+ 

Example: fluorescence spectroscopy 
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E
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Excitation 
Bro, 1999 [13] 
Anderson & Bro 2003 [16] 



≈ 

Example: fluorescence spectroscopy 
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E
m
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Excitation 

𝐕 

𝐔 

Bro, 1999 [13] 
Anderson & Bro 2003 [16] 
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𝐖 𝐕 𝐔 

Example: fluorescence spectroscopy 



Alternative pattern syntaxes 
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•  Other	
  decomposiCons:	
  
•  Tucker	
  decomposiCon	
  (various	
  kinds)	
  
•  Block	
  term	
  decomposiCon	
  
•  Many	
  others	
  

•  Constraints	
  on	
  factors:	
  
•  PosiCvity,	
  range	
  

•  IdenCty	
  of	
  factors,	
  e.g.:	
  𝐔≡𝐕	
  
(useful	
  in	
  social	
  network	
  analysis)	
  

•  Sparsity	
  



Interestingness 
•  Almost	
  always:	
  L2-­‐norm	
  

•  More	
  interesCng	
  if	
  

​‖𝓧−⟦𝐔,𝐕,𝐖⟧‖↓2 	
  
is	
  smaller	
  

•  AlternaCves:	
  
•  Robust	
  variants	
  (e.g.	
  L1-­‐norm)	
  
•  Likelihood-­‐based	
  approach	
  

•  Then  ⟦𝐔,𝐕,𝐖⟧	
  determines	
  the	
  parameters	
  of	
  a	
  probabilisCc	
  model	
  
for𝓧	
  

•  Especially	
  relevant	
  if	
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𝓧∈ ​{𝟎,𝟏}↑𝑛×𝑚×𝑑 ,    𝓧∈ ​ℕ↑𝑛×𝑚×𝑑  



Algorithmic approach 
•  No	
  longer	
  an	
  eigenvalue	
  problem,	
  even	
  in	
  the	
  simplest	
  case	
  
•  Typical	
  approach:	
  

•  AlternaCng	
  Least	
  Squares	
  (ALS)	
  
•  More	
  generally:	
  block	
  coordinate	
  descent	
  

•  Alternate	
  between	
  opCmising	
  each	
  of	
  the	
  component	
  matrices	
  
•  Oaen	
  individually	
  convex	
  

•  Prone	
  to	
  local	
  opCma,	
  but	
  oaen	
  reasonably	
  good	
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Research issues 
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•  Pa;ern	
  syntax	
  
•  SomeCmes:	
  physical	
  models	
  /	
  first	
  principles	
  

•  Otherwise	
  lots	
  of	
  degrees	
  of	
  freedom	
  

•  EsCmaCng	
  the	
  rank	
  𝐾	
  
•  The	
  nature	
  of	
  the	
  factors	
  

•  Constraints	
  (binary	
  /	
  posiCve	
  /	
  …)	
  
•  Biases	
  (L1/L2	
  regularisaCon)	
  

•  Other	
  algebras	
  
•  InteresCngness	
  

•  Which	
  norm	
  for	
  the	
  error​‖𝓧−⟦𝐔,𝐕,𝐖⟧‖↓2 	
  
•  Model-­‐based	
  (Bayesian)?	
  

•  Algorithmic	
  
•  Very	
  hard	
  to	
  scale	
  beyond	
  100’s	
  of	
  enCCes	
  per	
  type	
  



Coupled	
  matrix-­‐tensor	
  factorisaCons	
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General idea 
•  Factorising	
  each	
  matrix	
  and	
  tensor,	
  as	
  before	
  
•  Constraints	
  to	
  glue	
  factorisaCons	
  together	
  

•  EquaCng	
  factors	
  in	
  different	
  factorisaCons	
  
•  FactorisaCons	
  ‘weakly	
  supervise’	
  /	
  regularise	
  each	
  other	
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Example: GPS dataset 
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146 users 
5 activities 
168 locations 
14 location features 

Images taken with 
permission from the 
Tensorlab 
documentation [2,3,4] 

Zheng et al., 2010 [25] 



Example: GPS dataset 
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146 users 
5 activities 
168 locations 
14 location features 

Images taken with 
permission from the 
Tensorlab 
documentation [2,3,4] 

Zheng et al., 2010 [25] 
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Example: GPS dataset 

•  EvaluaCon:	
  CollaboraCve	
  Filtering	
  
•  EsCmate	
  random	
  missing	
  entries	
  in	
  User-­‐LocaCon-­‐AcCvity	
  tensor	
  

•  Considerable	
  more	
  accurate	
  than	
  using	
  tensor	
  alone	
  
•  EsCmate	
  LocaCon-­‐AcCvity	
  entries	
  for	
  users	
  that	
  are	
  enCrely	
  missing	
  in	
  

User-­‐LocaCon-­‐AcCvity	
  tensor	
  
•  Impossible	
  without	
  ‘data	
  fusion’	
  (cold	
  start	
  problem)	
  



Research issues 
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•  Pa;ern	
  syntax	
  
•  Even	
  more	
  degrees	
  of	
  freedom…	
  
•  RegularisaCon	
  

•  FactorisaCons	
  regularise	
  each	
  other!	
  

•  InteresCngness	
  
•  Combined	
  interesCngness	
  of	
  different	
  factorisaCons	
  

•  Algorithmic	
  
•  AlternaCng	
  Least	
  Squares	
  is	
  baseline	
  
•  No	
  guarantees,	
  but	
  computaCons	
  under	
  control	
  



Summing	
  up…	
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Summing up… 
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•  Data	
  types	
  
•  Very	
  close	
  to	
  EnCty-­‐RelaConship	
  data	
  model,	
  and	
  mulCdimensional	
  data	
  

(OLAP!)	
  

•  Pa;ern	
  syntax	
  
•  Very	
  flexible,	
  though	
  linear	
  and	
  global	
  
•  For	
  compleCon/predicCon,	
  and	
  for	
  insight/exploraCon	
  

•  InteresCngness	
  
•  For	
  convenience,	
  oaen	
  L2-­‐norm	
  
•  Oaen	
  more	
  appropriate	
  (but	
  harder)	
  alternaCves	
  exist	
  

•  Algorithmic	
  approach	
  
•  Numerical	
  opCmisaCon	
  
•  No	
  guarantee	
  to	
  find	
  global	
  opCmum	
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