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Fully relational local algorithms
• N-‐set	  mining	  
• RMiner	  \&	  variants	  
• Constraint	  programming	  for	  closed	  relational	  sets	  
• Uncovering	  the	  plot
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N-set mining
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N-set mining (Cerf et al., Trans. Knowl. Discov. 
Data, 2009 
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Pattern Syntax, N-sets
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f1 f2 f3
p1 0 1 1
p2 0 0 0
p3 0 0 1

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 1 0 0

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 0 1 0

films
pe

op
le

ro
les

R



N-sets
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f1 f2 f3
p1 0 1 1
p2 0 0 0
p3 0 0 1

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 0 1 0

actor director

films

pe
op

le

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 1 0 0

producer

Sets	  of	  entities	  that	  are	  complete	  with	  respect	  to	  the	  relationship	  and	  maximal

R



N-sets
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f1 f2 f3
p1 0 1 1
p2 0 0 0
p3 0 0 1

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 0 1 0

actor director

films

pe
op

le

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 1 0 0

producer

N-‐set:	  {p1,	  f2,	  f3,	  actor,	  director,	  producer}

R



N-sets
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f1 f2 f3
p1 0 1 1
p2 0 0 0
p3 0 0 1

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 0 1 0

actor director

films

pe
op

le

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 1 0 0

producer

N-‐set:	  {p1,	  f2,	  f3,	  actor,	  director,	  producer}

R

{p1,	  f2,	  actor}	  2 R
{p1,	  f3,	  actor}	  2 R

{p1,	  f2,	  director}	  2 R
{p1,	  f3,	  director}	  2 R



Interestingness of N-sets
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• No	  interestingness	  measure	  defined.	  
• Constraints	  on	  the	  number	  of	  entities	  per	  entity	  
type	  help	  to	  focus	  on	  a	  smaller	  pattern	  set.



N-set Mining Algorithm - DataPeeler
• Exhaustive	  Search	  
• Divide	  and	  conquer	  enumeration	  strategy	  
• Use	  completeness	  to	  reduce	  the	  search	  space

10



DataPeeler
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DataPeeler
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F,Comp(F ), B

F,Comp(F ), B [ {e}
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0 = F [ {e}
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RMiner & variants
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RMiner - E.S. et al.,DMKD, 2014

Users Films Actors



15

f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

RMiner - Pattern Syntax (MCCSs)
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

MCCSs (Maximal Complete Connected 
Subsets)
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

MCCSs (Maximal Complete Connected 
Subsets)
Completeness R = R

users,films

[R
films,actors
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

MCCSs (Maximal Complete Connected 
Subsets)

Complete	  Subset:	  {u1,	  f1,	  f2,	  a1}	  
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

MCCSs (Maximal Complete Connected 
Subsets)

Complete	  Subset:	  {u1,	  f1,	  f2,	  a1}	  
{u1,f1}	  
{u1,f2}	  
{f1,a1}	  
{f2,a1}

2 R
2 R
2 R
2 R
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

RMiner - Pattern Syntax (MCCSs)
Connectedness	  
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

RMiner - Pattern Syntax (MCCSs)
Complete	  Connected	  Subset	  (CCS):	  {u1,	  f1,	  f2,	  a1}	  
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

RMiner - Pattern Syntax (MCCSs)
Complete	  not	  connected	  Subset:	  {u1,	  a2}	  
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

RMiner - Pattern Syntax (MCCSs)
Complete	  Connected	  Subset	  (CCS):	  {u1,	  f1,	  f2,	  a1}	  
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

RMiner - Pattern Syntax (MCCSs)
Maximality	  
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

RMiner - Pattern Syntax (MCCSs)
Maximal	  Complete	  Connected	  Subset	  (MCCS):	  {u1,	  u2,	  f1,	  f2,	  

a1,	  a3}	  
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RMiner - Interestingness
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Interestingness(�) =
Self Information(�)

Description Length(�)
.



Interestingness - Background model
• Maximum	  Entropy	  distribuZon	  on	  the	  data	  

• Constraints	  on	  the	  expected	  number	  of	  “1s”	  in	  every	  
row	  and	  every	  column	  to	  be	  equal	  to	  the	  actual	  number	  

• The	  probability	  between	  enZZes	  that	  exist	  in	  many	  
relaZonship	  instances	  is	  going	  to	  be	  high

28



RMiner - Algorithm
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F

M
C

F :	  the	  set	  of	  CCSs

M :	  the	  set	  of	  MCCSs

C :	  the	  set	  of	  	  closed	  CCSs

M ✓ C ✓ F



Closed CCSs

• Fixpoints	  of	  a	  closure	  operator
⇢ : F ! F

F ✓ ⇢(F ) for all F 2 F

⇢(F ) ✓ ⇢(F 0
) for all F, F 0 2 F with F ✓ F 0

⇢(⇢(F )) = ⇢(F ) for all F 2 F

Mapping

Extensivity:

Monotonicity:

Idempotence:



RMiner - Algorithm
• Exhaustive	  search	  
• Based	  on	  divide	  and	  conquer	  algorithmic	  
framework	  of	  Boley	  et	  al.

31



RMiner - Algorithm
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RMiner - Algorithm

3333
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A-RMiner
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A-RMiner (E.S. et al., DSAA, 2014)

35

Users Films Actors



A-RMiner Pattern Syntax (a-CCSs)
• Unions	  of	  MCCSs	  that	  are	  maximal	  extensions	  of	  
a	  closed	  CCS.

36



A-RMiner Pattern Syntax (a-CCSs)
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s



A-RMiner Pattern Syntax (a-CCSs)
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

M1	  =	  {u1,	  u2,	  f1,	  f2,	  a1,	  a3}



A-RMiner Pattern Syntax (a-CCSs)

39

f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

M2	  =	  {u3,	  u4,	  f2,	  f3}



A-RMiner Pattern Syntax (a-CCSs)
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

a-‐CCS:	  M1	  U	  M2	  =	  {u1,	  u2,	  u3,	  u4,	  f1,	  f2,	  f3,	  a1,	  a3}



A-RMiner - Algorithm
• Same	  algorithmic	  framework	  as	  RMiner	  
• Finds	  approximate	  patterns	  at	  no	  extra	  
computational	  cost

41



N-RMiner (E.S. et al., Discovery Science 2013)

42

People
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N-RMiner Pattern Syntax (NMCCSs)
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f1 f2 f3
p1 0 1 1
p2 0 0 0
p3 0 0 1

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 1 0 0

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 0 1 0

films
pe

op
le

ro
les



NMCCSs
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f1 f2 f3
p1 0 1 1
p2 0 0 0
p3 0 0 1

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 0 1 0

actor director

producer

films

pe
op

le

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 1 0 0

producer



NMCCSs
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f1 f2 f3
p1 0 1 1
p2 0 0 0
p3 0 0 1

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 0 1 0

actor director

producer

films

pe
op

le

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 1 0 0

producer

Completeness:	  Similar	  to	  N-‐sets	  with	  but	  allowing	  a	  subset	  of	  the	  entity	  types	  	  to	  be	  in	  the	  
pattern.



NMCCSs
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f1 f2 f3
p1 0 1 1
p2 0 0 0
p3 0 0 1

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 0 1 0

actor director

producer

films

pe
op

le

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 1 0 0

producer

N-‐MCCS:	  {f1,	  f2,	  p1,	  p2,	  actor,	  director}



NMCCSs

47

f1 f2 f3
p1 0 1 1
p2 0 0 0
p3 0 0 1

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 0 1 0

actor director
producer

films

pe
op

le

f1 f2 f3
p1 1 1 1
p2 1 1 0
p3 1 0 0

producer

N-‐MCCS:	  {p1,	  f2,	  f3,	  actor,	  director,	  producer}



N-RMiner - Algorithm
• Same	  enumeration	  algorithm	  
• Different	  in	  the	  way	  completeness	  is	  checked

48



N-RMiner - Interestingness
• Similar	  to	  RMiner

49



P-N-RMiner (Lijffijt et al., DSAA, 2015)
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Users

Rating

Films Genre

[1…5]



P-N-RMiner, Pattern Syntax

5151

• Represents	  numerical	  attributes	  as	  partial	  orders	  

• It	  can	  handle	  both	  numerical	  and	  hierarchical	  
attributes	  in	  the	  same	  way

[1	  5]

[1	  4] [2	  5]

[1	  3] [2	  4] [3	  5]

[1	  2] [2	  3] [3	  4] [4	  5]

1 2 3 4 5



P-N-RMiner, Pattern Syntax (MCCPSs)

5252

f1 f2 f3

p1 0 1 1

p2 0 0 0

p3 0 0 1

f1 f2 f3

p1 1 1 1

p2 1 1 0

p3 1 0 0

f1 f2 f3
r1 1 0 0
r2 0 1 0
r3 0 0 0
r4 0 0 0
r5 0 0 1

films

ra
Zn

gs
us
er
s

comedy history drama
f1 0 1 1
f2 0 1 1
f3 1 0 0

fil
m
s

genres



P-N-RMiner, Pattern Syntax (MCCPSs)

5353

f1 f2 f3

p1 0 1 1

p2 0 0 0

p3 0 0 1

f1 f2 f3

p1 1 1 1

p2 1 1 0

p3 1 0 0

f1 f2 f3
r1 1 0 0
r2 0 1 0
r3 0 0 0
r4 0 0 0
r5 0 0 1

films

ra
Zn

gs
us
er
s

comedy history drama
f1 0 1 1
f2 0 1 1
f3 1 0 0

MCCPS:	  {user1,	  user2,	  [1	  2],	  f1,	  f2,	  history,	  drama}

fil
m
s

genres



P-N-RMiner, Algorithm
• Same	  enumeration	  framework	  as	  RMiner	  
• Uses	  the	  partial	  order	  to	  reduce	  the	  search	  space

54



Constraint programming for closed relational 
sets
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Constraint programming for closed relational 
sets (Nijssen et al., ICDM Workshops 2011)

56

Users Films Actors



Constraint programming for closed relational 
sets (Nijssen et al., ICDM Workshops 2011)

57

• Constraint	  programming	  approach	  
• Defines	  both	  pattern	  syntax	  and	  pattern	  quality	  
constraints	  

• Pattern	  syntax	  is	  the	  same	  as	  that	  of	  MCCSs	  
• Pattern	  quality	  constraints	  are	  on	  the	  minimum	  
number	  of	  entities	  per	  entity	  type



Uncovering the plot
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Uncovering the plot (Wu et al. DMKD, 2014)
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Users Films Actors



Uncovering the plot (Wu et al. DMKD, 2014)
• Approximate	  multi-‐relational	  patterns	  similar	  to	  
a-‐CCSs.	  

• Defined	  as	  chains	  of	  bi-‐clusters	  such	  that	  they	  
overlap	  on	  one	  entity	  type.	  

• Works	  only	  for	  binary	  relationships.

60



Uncovering the plot - Bi-cluster Chains

61

f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s



Uncovering the plot - Bi-cluster Chains
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s



Uncovering the plot - Bi-cluster Chains
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f1 f2 f3

u1 1 1 0

u2 1 1 0

u3 0 1 1

u4 0 1 1

films

us
er
s

a1 a2 a3

f1 1 0 1

f2 1 0 1

f3 0 1 0

actors

fil
m
s

{u1,	  u2,	  f1,	  f2,	  a1}



Uncovering the plot - Algorithm

64

• Based	  on	  mining	  all	  bi-‐clusters	  on	  every	  
relationship	  first.	  

• Then	  greedily	  combining	  them	  to	  form	  a	  chain.



Uncovering the plot - Pattern interestingness
• Information	  content	  with	  respect	  to	  MaxEnt	  
background	  model	  

• Different	  prior	  knowledge	  to	  RMiner	  and	  variants	  
• Defined	  over	  the	  join	  of	  all	  relationships	  
• Has	  the	  form	  of	  constraints	  over	  the	  area	  of	  
a	  tile.

65



Uncovering the plot - Pattern example
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Uncovering the Plot 3

01 1207670734 
703-659-2317 
718-352-8479 
804-759-6302 
804-774-8920 

01 1207670734 
703-659-2317 
718-352-8479 
804-759-6302 
804-774-8920 

01 1207670734 
703-659-2317 
718-352-8479 
804-759-6302 
804-774-8920 
732-455-6392 

706-437-6673 

Fig. 1 Uncovering the plot in the Crescent dataset. A network of terrorist cells is discovered
by a surprising multi-relational pattern involving phone numbers–who called these numbers,
where was the call made from, and when was the call made.

and-error on the part of the analyst. Our goal is to formalize these notions so
that algorithmic support can complement (and sometimes even supplant and
supercede) painstaking manual analysis of large-scale multirelational datasets.
In particular, the objective of knowledge discovery is not to extract a unique
answer from the dataset but rather to guide an expert into deeper considera-
tion of key process elements.

Our contributions are:

1. We present a formalization of data mining patterns that encapsulate sur-
prising coalitions of entities in multi-relational schemas. More importantly,
our approach can help gauge the surprisingness of such patterns w.r.t. prior
knowledge on the data and its patterns – a key requirement in intelligence
analysis to not mine obvious or pervasive patterns.

2. We develop an algorithm for approximating the most informative multi-
relational patterns, with specific consideration to two di↵erent data models.
These data models represent the two most common ways in which connec-
tions are made in domains such as intelligence analysis and bioinformatics.

3. Using results on both synthetic and real-world datasets, we demonstrate
how our approach is adept at discovering coalitions, connections, and chains.
In particular, we show how our approach fosters human-in-the-loop knowl-
edge discovery whereby an analyst can provide feedback to steer the dis-
covery of patterns.

The rest of this paper is organized as follows. In Section 2, we introduce
some preliminaries that will be used in the following sections and formally
state the problem studied in this paper. A quick refresher on maximum en-
tropy modeling theory follows in Section 3. Sections 4 and 5 describe in detail
our proposed framework and an algorithm to find surprising bicluster chains,
respectively. Section 6 outlines experiment results on both synthetic and real
datasets. Related work is surveyed in Section 7. Advantages and limitations
of the proposed framework are discussed in Section 8, and we round up with
conclusions in Section 9.
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